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A b s t r a c t  - P e r t u r b a t i o n  theo ry  o f  convex molecu le  f l u i d s  i s  o u t l i n e d  and 
a p p l i e d  t o  c o r r e l a t e  o r t h o b a r i c  da ta  o f  severa l  convex molecule systems. 
Ca lcu la ted  da ta  f rom t h e  f i t t i n g  procedure a r e  compared w i t h  r e s u l t s  o f  
t he  v a r i a n t  o f  t h e  p e r t u r b a t i o n  theo ry  proposed f o r  t h e  two-cent re  LJ 
systems. A m o d i f i c a t i o n  o f  t h e  convex-molecule p e r t u r b a t i o n  theo ry  f o r  
t h e  gaussian ove r lap  f l u i d  i s  g i ven  and ob ta ined  thermodynamic func t i ons  
compared w i t h  t h e  s i m u l a t i o n  data.  The accura te  hard  body equat ions  o f  
s t a t e  a r e  l i s t e d  and m i x i n g  r u l e s  f o r  t h e i r  parameters discussed. 

INTRODUCTION 

P e r t u r b a t i o n  t h e o r i e s  o f  non-spher ica l  non-po la r  molecule f l u i d s  o f f e r  ever  improv ing  de- 
s c r i p t i o n  o f  t he  e q u i l i b r i u m  behav iour  o f  a l a r q e  proup o f  r e a l  l i q u i d s  and t h e i r  m ix tu res .  
Besides t h e  d i r e c t  a p p l i c a t i o n  o f  p e r t u r b a t i o n  expansions t o  eva lua te  thermodynamic tunc-  
t i o n s  o f  mo lecu la r  f l u i d s  t h e  theo ry  a l s o  p rov ides  arguments f o r  a f u r t h e r  improvement o f  
t he  s o - c a l l e d  augmented van de r  Waals equat ions  o f  s t a t e  and m i x i n g  ( e v e n t u a l l y  a l s o  combin- 
i n g )  r u l e s  f o r  t h e i r  parameters. 
Tile methods proposed f o r  s imp le  f l u i d s  fo rm a bas i s  f o r  t h e  development o f  t h e  p e r t u r b a t i o n  
theo ry  o f  non-spher ica l  molecule f l u i d s .  Two v a r i a n t s  o f  t he  theo ry  have been w i d e l y  used - 
t h a t  due t o  Barker  and Henderson (B-H), ( r e f .  1.)  extended t o  m ix tu res  by Leonard e t  a l .  
( r e f .  2.) and t h e  b l i p - f u n c t i o n  approach o f  Weeks-Chandler and Andersen (WCA) ( r e f .  3 . ) .  
I n  bo th  these v a r i a n t s  s o f t  spheres a re  taken as a re fe rence  and a t t r a c t i v e  ( p l u s  t h e  remaiw 
1 W  p a r t  o f  r e p u l s i v e )  fo rces  c o n t r i b u t e  t o  p e r t u r b a t i o n  terms. The thermodynamic behav iour  
o f  t h e  re fe rence  i s  determined v i a  t h e  p r o p e r t i e s  o f  t h e  r e p r e s e n t a t i v e  hard  spheres whose 
diameter depends on temperature i n  t h e  former- and on temperature and d e n s i t y  i n  t h e  l a t t e r  
case. The f i r s t - o r d e r  WCA theo ry  i s  ve ry  accu ra te  a t  h i g h  d e n s i t i e s  ( f o r  t he  pack ing  f r a c t -  
i o n  y > 0.4); i t  i s  l e s s  accura te  a t  low and medium d e n s i t i e s .  The second-order B-H theo ry  
i s  o n l y  s l i g h t l y  l e s s  accura te  a t  t h e  h i g h e s t  d e n s i t i e s  b u t  super iou r  a t  lower  d e n s i t i e s .  

PAIR POTENTIALS OF NON-SPHERICAL MOLECULES 

D e s c r i p t i o n  o f  t h e  e q u i l i b r i u m  behav iour  o f  t h e  non-po la r  molecule f l u i d s  depends on the  mo- 
de l  employed t o  c h a r a c t e r i z e  p a i r  i n t e r a c t i o n s  o f  (genera l  l y )  non-spher ica l  molecules.  Three 
models have been used: i) t h e  m u l t i c e n t r e  ( s i t e - s i t e )  p o t e n t i a l ,  ii) Kihara  genera l i zed  p a i r  
p o t e n t i a l  i i i )  gaussian ove r lap  p o t e n t i a l .  
The m u l t i c e n t r e  p a i r  p o t e n t i a l ,  u(1,2),  g i ven  by t h e  fo rmula  ( r e f .  4.)  

/where a denotes cent;es on molecu le  1 and y those on molecu le  2 )  o f f e r s  the  most d e t a i l e d  
d e s c r i p t i o n  o f  mo lecu la r  i n t e r a c t i o n s .  The main advantage o f  t h e  p o t e n t i a l  man i fes ts  i t s e l f  
in s i m u l a t i o n  s tud ies  where t h e  de te rm ina t ion  o f  u(1,2) i s  s imple.  Even s imp le r  f o r  t h i s  
purpose i s  t h e  gaussian ove r lap  model (GO) 

2 2 I f  x = (A - l ) / ( x  t 1 )  and x i s  t h e  a x i s  r a t i o  

(GOCE) (3) 

I n  t h i s  model, however, t h e  shape o f  t he  molecu le  can be e i t h e r  p r o l a t e  o r  o b l a t e  e l l i p s o i d  
o f  r e v o l u t i o n .  
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I n  the  genera l i zed  K ihara  p o t e n t i a l  ( r e f .  6.) 
u(1,2) = u ( s )  = 4EK[(OK/S)12 - (OK/S) 6 ] 

( 5 )  

The shape o f  a mo lecu le  - which r e f l e c t s  r e p u l s i v e  fo rces  - can be model led by any convex 
model. One can say t h a t  t h e  K ihara  p a i r  p o t e n t i a l  reproduces i n  a d e t a i l e d  way t h e  r e p u l s i v e  
fo rces  whereas some k i n d  o f  averag ing  o f  t h e  e f f e c t  o f  a t t r a c t i v e  fo rces  takes  p lace .  Simu- 
l a t i o n s  o f  o t h e r  model systems than t h e  r o d - l i k e  molecule f l u i d s  a re  q u i t e  i nvo l ved ;  on t h e  
o t h e r  hand t h e  f o r m u l a t i o n  o f  t h e  p e r t u r b a t i o n  theo ry  i s  - due t o  t h e  f a c t  t h a t  t h e  poten- 
t i a l  depends o n l y  on one v a r i a b l e ,  s - v e r y  s imple.  

PERTURBATION THEORY OF NON-SPHERICAL MOLECULE FLUIDS 

For t h e  m u l t i c e n t r e  p a i r  p o t e n t i a l  Koh ler  and F i sche r  ( r e f s .  7,8) proposed a p e r t u r b a t i o n  
9eJhod which was an ex tens ion  o f  t h e  WCA b l i p - f u n c t i o n  approach. For t h e  g i ven  o r i e n t a t i o n  
w1w2 t he  WCA-split i s  considered, 

+ +  + +  + +  
uO(r;,;,) = u(rwlu2) - Umin(w1w2) r < rmin(w1@2) 

= o  r > rmin(+ v 2 )  + 

and 

uP(r;l;2) = u ~ ~ ~ ( $ ~ ; ~ )  r < rmin(;1;2) 

= u(rwlw2) r > rmi,,G,iL2) ( 7 )  
+ +  

Proper t i es  o f  t he  re fe rence  a r e  determined v i a  t h e  hard  body equat ion  o f  s t a t e  a p p l i e d  t o  
hard  dumbells ( o r  o t h e r  fused hard-sphere models) w i t h  t h e  same s i t e - s i t e  d i s tance  as t h a t  
o f  t he  cons idered molecule and w i t h  the  diameter o f  t h e  s i t e  sphere ob ta ined  f rom the  b l i p -  
f u n c t i o n  r e l a t i o n s h i p  

J Y [<exp(-guO)> - <exp(-guHD)>] d? = 0 (8 )  

The backgrobnd c o r r e l a t i o n  f u n c t i o n ,  Y, corresponds t o  t h e  so f t -body  s p h e r i c a l l y  symmetric 
p o t e n t i a l , $  ( r ) ,  f o r  which 

e x p ~ - ~ + O ]  = < r x p [ - g ~ ~ ( r $ ~ $ ~ ) ] >  ( 9 )  

g(r;1;2) = e x p [ - ~ u ~ ( r ; ~ = ~ ) ]  Y ( r )  (10)  

F1/NkT = (p/2kT) J <uP(dl;,) e x p [ - ~ u ~ ( r ; ~ ; ~ ) ] >  Y ( r )  d? 

The f u n c t i o n  Y i s  evaluat$d+from t h e  Percus-Yevick i n t e g r a l  equa t ion  (P-Y); t h e  mo lecu la r  
c o r r e l a t i o n  f u n c t i o n ,  g(rw,w2) i n  t h e  p e r t u r b a t i o n  i n t e g r a l  i s  then approximated by 

Only the  f i r s t - o r d e r  p e r t u r b a t i o n  te rm i s  cons idered i n  t h i s  theory ,  

(11)  

where symbol < > denotes averag ing  over  a l l  o r i e n t a t i o n s  which - c o n t r a r y  t o  t h a t  i n  the  
K ihara  p o t e n t i a l  - i s  r e l a t e d  t o  cen t re - to -cen t re  d i s tance .  The p e r t u r b a t i o n  method f o r  t he  
m u l t i c e n t r e  p o t e n t i a l  was a p p l i e d  t o  severa l  systems o f  d ia tomic  molecules and h i g h l y  sym- 
m e t r i c  po lya tomic  molecules ( l i k e  CC14 o r  SF6) and t o  m ix tu res  o f  spher i ca l  and l i n e a r  mole- 
cu les  ( r e f s .  9, lO).  

The bas i c  r e l a t i o n s h i p s  o f  t h e  p e r t u r b a t i o n  theo ry  o f  t h e  convex ( r o d - l i k e )  molecules can be 
found i n  r e f .  11 .  Recent ly ,  two: v a r i a n t s  o f  t h e  theo ry  have been employed i n  ou r  l a b o r a t o r y :  
i n  the  former ( r e f .  12) we cons idered t h e  second-order p e r t u r b a t i o n  expansion ( f o r  t h e  Helm- 
h o l t z  energy and pressure)  i n  t h e  macroscopic c o m p r e s s i b i l i t y  approx imat ion  (mc) o f  t h e  WCA- 
- h y b r i d  approach ( t h e  WCA-split o f  t he  p a i r  p o t e n t i a l  i n t o  t h e  re fe rence  and p e r t u r b a t i o n  
p a r t  i n  combina t ion  w i t h  t h e  6 -H- l i ke  de te rm ina t ion  o f  t he  th i ckness  o f  r e p r e s e n t a t i v e  hard  
convex body, hcb).  The Helmholtz energy i s  

a, 
(F-FhCb)/NkT = (p/EkT) J u p ( s )  ghcb(s )  Slts+2ds - 

a, d 

- ( ~ / 4 k T ) ( a p / a P ) ~ ~ ~  J Sltst2ds ( 1 2 )  
d 

P e r t u r b a t i o n  i n t e g r a l s  i nc luded  i n  the  f i r s t  and second te rm o f  Eq ( 1 2 ) ,  were each separated 
i n t o  two p a r t s  a t  s = 1.2 O; these p a r t s  were eva lua ted  n u m e r i c a l l y  and t h e  ob ta ined  va lues  
f i t t e d  by po lynomia ls .  The r e s u l t i n g  express ions  were then employed t o  desc r ibe  t h e  e q u i l i b -  
r i um behav iour  o f  pure f l u i d s .  The same equat ion  o f  s t a t e  and express ion  f o r  t he  Helmholtz 
energy were used t o  c h a r a c t e r i z e  bo th  t h e  l i q u i d  and vapour p a r t  o f  t he  coex is tence curve; 
o r t h o b a r i c  d e n s i t i e s  a long the  coex is tence curve  were used t o  a d j u s t  parameters o f  t h e  Kiha- 
r a  p o t e n t i a l  o f  28 compounds. As a r e s u l t  of  t he  use o f  t h e  same express ion  f o r  t h e  bo th  
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branches o f  t h e  coex is tence curve  t h e  method enables t o  desc r ibe  t h e  e q u i l i b r i u m  behav iour  
up t o  h i g h  reduced temperatures T*: 0.9; va lues  o f  t h e  parameters (ma in l y  t h e  s i z e  o f  t h e  
core)  d i f f e r  s l i g h t l y  f rom those ob ta ined  by t h e  v a r i a n t  descr ibed i n  nex t  p a r t .  
I n  the  l a t t e r  v a r i a n t  o f  t h e  p e r t u r b a t i o n  theo ry  ( o f  t h e  convex molecule f l u i d s )  t h e  exten- 
s i o n  o f  t h e  Barker-Henderson t h e o r y  t o  mo lecu la r  f l u i d s  i s  employed ( r e f .  13) .  The represen- 
t a t i v e  hard  convex bodies a r e  p a r a l l e l  bod ies  t o  t h e  convex cores  w i t h  a th i ckness  ob ta ined  
f rom 

7 {exp[-8uhCb] - exp[buq} Sitstids = 0 
0 

/Here S 
tance, i ts t i  The hard  convex body equa t ion  o f  s t a t e  f o r  t h e  g i ven  r e p r e s e n t a t i v e  model 
y i e l d s  t h e  re fe rence  r e s i d u a l  Helmholtz energy. To determine t h e  f i r s t - o r d e r  p e r t u r b a t i o n  
term, F,, 

i s  t h e  mean su r face  area o f  two convex cores  w i t h  t h e  su r face - to -su r face  d i s -  

we express f i r s t  t h e  average c o r r e l a t i o n  f u n c t i o n ,  ghcb, i n  terms o f  t h e  t o t a l  c o r r e l a t i o n  
f u n c t i o n ,  hhcb = ghcb-1, and s p l i t  t h e  i n t e g r a l  i n  Eq (14)  i n t o  two p a r t s ,  t h e  l a r g e r  o f  
which can be e a s i l y  determined a n a l y t i c a l l y .  The t o t a l  c o r r e l a t i o n  func t i on ,  hhcb, was ap- 
proximated on t h e  bas i s  o f  t h e  hehs - f u n c t i o n  o f  t h e  e q u i v a l e n t  hard  spheres, (ehs, i . e .  
spheres o f  t h e  same volume as t h e  s t u d i e d  convex bod ies ) ,  

1 J  

(where R* = R/d, S* = S/d 
volume o f  t h e  co re ) .  I t  was shown f o r m e r l y  t h a t  t h e  approx imat ion  i s  v e r y  accu ra te  f o r  two 
t y p i c a l  hard  convex bodies,  p r o l a t e  and o b l a t e  hard  spherocy l i nde rs  and works w e l l  a l s o  i n  
the  case o f  m ix tu res .  The above approx imat ion  was employed a l ready  i n  t h e  fo rmer  v a r i a n t .  
Here we s u b s t i t u t e  hehs(x )  = hpy (x )  I h e x a c t ( l ) / h P Y ( l )  1 , where symbol P-Y denotes t h e  Percus- 
-Yevick approx imat ion  ( t o  t h e  Orns te in -Ze rn i cke  equa t ion )  which leads  t o  t h e  a n a l y t i c  Lap la -  
ce t rans forms o f  t h e  f u n c t i o n  x g ( x )  o r  xh (x ) .  To make f u l l  use o f  t h i s  f a c t  we s u b s t i t u t e  
t h e  double Yukawa (2-Y) p a i r  p o t e n t i a l  

* *  
(15)  

and R, S, V a r e  t h e  mean c u r v a t u r e  i n t e g r a l / 4 ~ ,  su r face  area and 

h h c b ( t )  = ( S  hcb /S ehs ) hehs(x ) ;  x = l t t / ( l + R . + R . )  , 
2 

U ~ ~ ( X )  = ( E / x )  {exp[-A(x- l ) ]  - exp [ -B(x - l ) ] }  , x = r / o  (16 )  

f o r  t he  K ihara  f u n c t i o n  i n  t h e  second p a r t  o f  t h e  p e r t u r b a t i o n  i n t e g r a l .  I n  t h i s  way a p a r t  
o f  t h e  i n t e g r a l  ( c o n t a i n i n g  hhcb) can be expressed a n a l y t i c a l l y  as a sum o f  d i f f e r e n c e s  i n  
the  Laplace t rans forms,  cor respond ing  t o  parameters A, B o f  t he  2-Y p o t e n t i a l ,  p l u s  a co r -  
r e c t i o n  te rm (due t o  t h e  f a c t  t h a t  t h e  lower  bond o f  t h e  p e r t u r b a t i o n  i n t e g r a l  equa ls  u and 
n o t  t w i c e  the  th i ckness  o f  t h e  r e p r e s e n t a t i v e  hard  body).  Thus, 

3 "  F1/NkT = (2so p/T ) [Q -+ Z knWn+w] 

-Q = (8 /9 )  + 4R* 

w = -  hhcb( 1 )  hehs 
h e h s ( l )  

and 
W k  = L { x h ( x ) }  ( I  

S i m i l a r l y ,  t he  p e r t u r b a t i o n  expansion o f  t h e  c o m p r e s s i b i l i t y  f a c t o r  can be w r i t t e n  i n  an 
a n a l y t i c  form, too .  The r e l a t i o n s h i p s  f o r  t h e  Helmholtz energy and pressure  make i t  p o s s i b l e  
t o  determine q u i c k l y  t h e  coex is tence curve  w i t h o u t  any i n te rmed ia te  procedure o f  f i t t i n g  nu- 
mer i ca l  data.  
I n  t h e  p rev ious  s tudy  ( r e f .  13) we ad jus ted  two parameters o f  t h e  K ihara  p a i r  p o t e n t i a l  ( E  

and U )  t o  t h e  sa tu ra ted  l i q u i d  p r o p e r t i e s  o f  pure  compounds w h i l e  de te rm in ing  t h e  o t h e r  pa- 
rameters f rom t h e  bond leng ths  and angles.  The p e r t u r b a t i o n  expansion wa4 used t o  desc r ibe  
the  l i q u i d  branch o f  t h e  coex is tence curve  whereas t h e  vapour phase was c h a r a c t e r i z e d  by t h e  
v i r i a l  expansion i n c l u d i n g  t h e  second v i r i a l  c o e f f i c i e n t .  The r e s u l t s  and some i n t e r r e l a -  
t i o n s  between t h e  K ihara  and 2-cent re  Lennard-Jones parameters were g i ven  i n  r e f .  13. 
Recent ly  we have m o d i f i e d  t h i s  approach by i n c l u d i n g  t h e  approximate t h i r d  v i r i a l  c o e f f i c i e n t  
( o n l y  f o r  t he  r e p u l s i v e  f o r c e s )  and a d j u s t i n g  t h r e e  parameters, i . e .  E, u and s i z e  o f  t h e  
spher i ca l  core  o r  l e n g t h  o f  t h e  r o d - l i k e  molecule,  e t c .  As a r e s u l t  b e t t e r  agreement o f  t h e  
c a l c u l a t e d  and exper imenta l  coex is tence curves a r e  found, see F ig .  1 where t h e  coex is tence 
curve  of  argon i s  shown. I n  F igs  2 - 4 t h e  pe r  cen t  d e v i a t i o n s  i n  p ressure  and d e n s i t y  vs. 
temperature f o r  A r ,  CO 
-F ischer  p e r t u r b a t i o n  ?heory a r e  g iven,  too .  The agreement i s  ve ry  good even f o r  more comp- 
l e x  molecules l i k e  carbon t e t r a c h l o r i d e  and benzene. 

and ethane a r e  dep ic ted .  For comparison t h e  da ta  found w i t h i n  Kohler-  
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TABLE 1. Excess thermodynamic f u n c t i o n s  o f  t h e  equ imolar  Xe-C2H6 system 
a t  161 K f o r  k12 = 1.0 

GE( J/mol ) HE(J/mol)  vE ( cm3) 

Convex p e r t .  t heo ry  ( 2  pa rs )  -2 -17 -0.04 
Convex p e r t .  t heo ry  ( 3  pa rs )  -32 -72 -0.08 
M u l t i c e n t r e  p a r t .  t heo ry  -113 -193 -0.36 
Exper imental  ( r e f .  10) -29 -52 -0.12 

One can see t h a t  t h e  r e c e n t  v a r i a n t  o f  t h e  p e r t u r b a t i o n  method f o r  convex molecules works a t  
l e a s t  w i t h  t h e  same q u a l i t y  as t h e  theo ry  o f  m u l t i c e n t r e  f l u i d s .  By i n t r o d u c i n g  t h e  non-zero 
core  ( i n  t h e  case o f  s p h e r i c a l  mo lecu les)  w h i l e  s t i l l  cons ide r ing  12-6 f u n c t i o n  we can reach 
the  same e f f e c t  as F i sche r  ob ta ined  by mod i f y ing  t h e  p a i r  p o t e n t i a l ,  e.g. by i n t r o d u c i n g  t h e  
24-6 form. The a n a l y t i c  form of t h e  p e r t u r b a t i o n  expansion o f f e r s  a deeper i n s i g h t  i n  t h e  
mo lecu la r  f l u i d  behaviour;  t h e  range o f  t h e  reduced temperatures can be l a r g e r  then i n  t h e  
case o f  t h e  m u l t i c e n t r e  p e r t u r b a t i o n  theo ry .  
The p e r t u r b a t i o n  theo ry  o f  convex molecule f l u i d s  was extended ( r e f .  14) t o  m ix tu res ,  too .  
The theo ry  compares w e l l  w i t h  ou r  recen t  Monte Car lo  da ta  on m ix tu res  o f  L-J and K ihara  rod-  
- l i k e  molecules.  
I n  a p p l i c a t i o n s  t o  r e a l  systems t h e  excess thermodynamic f u n c t i o n s  o f  b i n a r y  m ix tu res  were 
determined ( r e f .  14) .  These systems were f o r m e r l y  s t u d i e d  a l s o  by Bohn e t  a l .  ( r e f .  l o j ;  a 
comparison o f  ou r  r e s u l t s  w i t h  those o f  Bohn e t  a l .  and w i t h  exper imenta l  da ta  i n d i c a t e s  a 
s i m i l a r  q u a l i t y  o f  t h e  p r e d i c t i o n .  I n  m a j o r i t y  o f  cases t h e  geometr ic mean va lue  f o r  t h e  un- 
l i k e  parameter, E , shou ld  by m u l t i p l i e d  by t h e  k - f a c t o r  which i s  u s u a l l y  :: 0.97-1.00. 
Recent ly  we r e c a l i i l a t e d  t h e  excess p r o p e r t i e s  o f  48me systems w i t h  the  new parameters o f  
t h e  pure  components; as a r u l e  no s u b s t a n t i a l  changes were found. However, i n  t h e  case o f  
t he  Xe-C H6 system b e t t e r  agreement w i t h  r e s u l t s  of Bohn e t  a l .  r e s u l t e d .  I n  Table 1 a com- 
pa r i son  ?s g i v e n  o f  t h e  excess f u n c t i o n s  o f  t h e  equ imolar  Xe-C H system a t  161 K c a l c u l a t e d  
from t h e  o l d  and new s e t  o f  parameters ( w i t h  k12 = 1 ) ;  experim6neal da ta  and r e s u l t s  o f  Bohn 
e t  a l .  a r e  g iven,  too .  
It i s  obvious f rom the  d e s c r i p t i o n  o f  t h e  f i t t i n g  procedure t h a t  t h e  parameters shou ld  be 
used f o r  t h e  d e s c r i p t i o n  o f  t h e  e q u i l i b r i a  a t  lower temperatures and/or pressures whereas 
those g i ven  i n  r e f .  12 cou ld  b e t t e r  serve a t  h ighe r  temperatures.  

APPLICATION OF THE PERTURBATION THEORY OF CONVEX MOLECULE 
FLUIDS TO THE GAUSSIAN OVERLAP SYSTEMS 

Systems i n t e r a c t i n g  v i a  t h e  gaussian ove r lap  (GO) p a i r  p o t e n t i a l  have been s t u d i e d  r e c e n t l y  
by severa l  au tho rs  (see r e f .  15 and re fe rences  g i ven  t h e r e i n ) .  Thermodynamic f u n c t i o n s  f o r  
t he  GOCE system a re  g i ven  i n  r e f .  15 f o r  t h r e e  values o f  h ( t h e  r a t i o  o f  axes o f  t h e  e l l i p -  
s o i d  o f  r e v o l u t i o n )  a t  seve ra l  temperatures and d e n s i t i e s .  The s i m u l a t i o n  da ta  were i n t e r -  
p re ted  i n  terms o f  t h e  Koh ler -F ischer  theo ry .  There i s  c l o s e  resemblance o f  t he  gaussian 
ove r lap  and K ihara  p o t e n t i a l s  f o l l o w i n g  f rom t h e  f a c t  t h a t  i n  bo th  the  p o t e n t i a l s  t h e  
convex shape o f  molecules i s  cons idered and t h e  p a i r  i n t e r a c t i o n  o f  nonspher ica l  molecules 
i s  g i ven  by one c o n t r i b u t i o n  on ly .  There a r e  impor tan t  d i f f e r e n c e s :  i )  I n  t h e  fo rmer  poten- 
t i a l  t h e  energy depends on the  mutual  o r i e n t a t i o n s  o f  a p a i r  o f  molecules;  i i )  t h e r e  i s  no 
hard  core,  and i i i )  t h e  mean su r face  area o f  two hard  GOCE models i s  n o t  g i ven  e x a c t l y  by 
the  S t e i n e r  fo rmula  

Usua l ly ,  however, 
and those c a l c u l a t e d  v i a  (21)  i s  smal l  and can be-neg lec ted .  
Before  the  a p p l i c a t i o n  o f  t h e  convex molecule p e r t u r b a t i o n  theo ry  t o  t h e  gaussian ove r lap  
systems i t  i s  necessary t o  f i n d  r e l a t i o n s h i p s  between t h e  GOCE parameters and those o f  t he  
K ihara  p o t e n t i a l .  I t  i s  e s s e n t i a l  t o  p u t  E 

sume e q u a l i t y  o f  t h e  second v i r i a l  c o e t f i c f e n t s ,  

t h e  d i f f e r e n c e  between t h e  s imu la ted  va lues  o f  Sitj o f  t h e  GOCE system 

= E~~~~ = E ~ .  To r e l a t e  t h e  o-parameters we as- 

Whereas t h e  fo rmula  f o r  t h e  second v i r i a l  c o e f f i c i e n t  o f  t h e  K iha ra  molecules i s  r e a d i l y  
a v a i l a b l e  ( r e f .  16) Kabadi and S tee le  ( r e f .  17)  l i s t e d  values o f  < ( u ~ ~ ~ ~ / u ~ ) ~ >  o f  t h e  r e l a -  
t i o n s h i p  

(23)  
3 3 * 2  BGOCE = -2noo <(uGOCE/U~) > I f L j ( T  1 x dx 

as a f u n c t i o n  o f  t h e  a x i s  r a t i o  o f  t h e  e l l i p s o i d  o f  r e v o l u t i o n .  I t  i s  e v i d e n t  t h a t  t h e  pro-  
posed averag ing  method resembles c l o s e l y  t h a t  used i n  t h e  RAM and o t h e r  theo r ies .  
To fo rmu la te  t h e  express ion  f o r  t h e  Helmholtz energy we cons ide r  an e l l i p s o i d  w i t h  t h e  b a s i c  
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a x i s  l eng th ,  u , and t h e  l eng th - to -b read th  r a t i o ,  A, where bo th  parameters a r e  equal  t o  
those o f  t h e  g?ven GOCE model. We then assume t h a t  t h e  ment ioned e l l i p s o i d  i s  t h e  p a r a l l e l  
body t o  a h y p o t h e t i c a l  sma l le r  core  w i t h  th ickness ,  0/2, lwhere u f o l l o w s  from Eqs (22)  and 
(23) I ; t h e  p a i r  p o t e n t i a l  depends on t h e  su r face - to -su r face  d i s tance ,  s ,  between these two 
h y p o t h e t i c a l  cores.  I f  d i s  t w i c e  the  th i ckness  o f  t h e  r e p r e s e n t a t i v e  hard  e l l i p s o i d  o f  r e -  
v o l u t i o n  ( c  = d /o )  t h e  geomet r ic  c h a r a c t e r i s t i c s  o f  t h e  r e p r e s e n t a t i v e  e l l i p s o i d  a r e  

(24)  Rr = R - 6 , Sr = S - 8aR6 + 4 ~ 6 ~  , Vr = V - S 6  + 4aR6 - - 4 3  a6 

3 
where 6 = 0 ( l - c ) / 2 .  I n  t h i s  way bo th  t h e  re fe rence  and p e r t u r b a t i o n  terms can be eva lua ted  
f rom t h e  f o r m e r l y  g i ven  r e l a t i o n s h i p s .  From t h e  s tudy  o f  Sediawan e t  a l .  ( r e f .  15) computer 
da ta  a r e  a v a i l a b l e  o f  t h e  GOCE systems w i t h  A = 0.5, 1.3 and 1.55 a t  seve ra l  temperatures 
and broad range o f  d e n s i t i e s .  I n  F igs  5-6 we p resen t  a comparison o f  ou r  r e s u l t s  f o r  t h e  
r e s i d u a l  Helmholtz energy and pressure  f o r  t h e  system w i t h  A = 1.3 a t  t h e  reduced temperatu- 
r e s  T* = 1,1.5 and 2. I n  t h e  n e x t  two f i g u r e s  ( F i g s  7-8) a comparison i s  g i ven  o f  t he  r e s i -  
dual  Helmholtz energy c a l c u l a t e d  f rom t h e  convex molecu le -  and m u l t i c e n t r e  v a r i a n t s  o f  t h e  
p e r t u r b a t i o n  t h e o r y  f o r  more extreme p r o l a t e  and o b l a t e  gaussian ove r lap  models and i n  
F ig .  9 the  reduced r e s i d u a l  energy i s  p l o t t e d  f o r  A = 0.5. One can see a good agreement o f  
t he  p r e d i c t e d  thermodynamic f u n c t i o n s  ( f r o m  t h e  convex molecu le  v e r s i o n  o f  t h e  p e r t u r b a t i o n  
theo ry )  w i t h  t h e  s i m u l a t i o n  da ta  a t  a l l  c o n d i t i o n s  even a t  extreme values o f  A. 
One can thus  conclude t h a t  i )  t h e  s i m u l a t i o n  da ta  on GOCE systems can be w e l l  i n t e r p r e t e d  by 
t h e  m o d i f i e d  convex-molecule p e r t u r b a t i o n  theo ry  and v i c e  versa  t h e  e a s i l y  o b t a i n a b l e  simu- 
l a t i o n  da ta  on GOCE systems can s u b s t i t u t e  t h e  computer da ta  on convex molecules o f  t h e  ob- 
l a t e  shape i i )  t h e  used averag ing  v i a  the  second v i r i a l  c o e f f i c i e n t  represents  an easy and 
r e l i a b l e  way o f  o b t a i n i n g  parameters o f  t h e  K ihara  p a i r  p o t e n t i a l .  

HARD BODY EQUATIONS OF STATE AND THEIR MIXING RULES 

I n  m a j o r i t y  o f  p e r t u r b a t i o n  t h e o r i e s  t h e  thermodynamic f u n c t i o n s  o f  re fe rence  systems a r e  
eva lua ted  v i a  t h e  p r o p e r t i e s  o f  t h e  r e p r e s e n t a t i v e  hard  bodies.  Thus, t h e  accura te  equa t ion  
o f  s t a t e  i s  v e r y  impor tan t  f o r  t h e  d e s c r i p t i o n  o f  e q u i l i b r i u m  behav iour  o f  f l u i d s .  For hard  
spheres t h e  Carnahan-Star1 i n g  equa t ion  has been used most f r e q u e n t l y .  Recent ly,  however, 
Ko la fa  ( r e f .  18) proposed a m o d i f i c a t i o n  o f  i t  

(25)  2 2  2 3 
+ ri (9-2ri-2ri ) /3 (1- r i )  BP/p = l / ( I - r i )  + 3r i / ( l - r i )  

Th i s  equa t ion  was extended t o  hs- i x t u r e s  and non-spher ica l  bodies by the  p resen t  au tho r  
( r e f .  19); i f  r = I:piRi, q = zpiRi, h -  s - 2 p . S .  and v = I:piVi 

1 1  

(26)  

The l a s t  r e l a t i o n s h i p  w i t h  t h e  Boublik-Nezbeda (B-N) r u l e  ( r e f .  20) t o  determine parameters 
R . ' s  i s  t h e  b e s t  a v a i l a b l e  equa t ion  o f  s t a t e  o f  m ix tu res  o f  hard  dumbel ls and o t h e r  fused 
hard-sphere models (FHSM). For pure  f l u i d s  i t  reduces t o  

2 2  2 3 BP/P = l / ( l - r i )  + r s / p ( l - r i )  + qs (9-2ri-2~1 ) / 2 7 ~ ( 1 - r i )  

( 2 7 )  2 2 2  2 3 + ~1 ri ( 9 - 2 r i - 2 ~  ) /3 (1 -n )  Bp/p = l / ( I - r i )  + 3ar i / ( l - r i )  
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Another s e t  o f  accura te  equat ions  o f  s t a t e  o f  hard  dumbel ls has been dev ised y i e l d i n g  s imp ly  
t r a c t a b l e  express ions  f o r  t h e  chemical  p o t e n t i a l  o f  dumbel ls ( r e f .  19) .  
There a r e  two weak p o i n t s  o f  t h e  a p p l i c a t i o n  o f  Eq. (27)  t o  fused hard-sphere models: i )  t h e  
B-N r u l e  i s  n o t  a p p l i c a b l e  f o r  L* >> 1, i i )  w i t h  i n c r e a s i n g  t h e  number o f  s i t e s  o f  a l i n e a r  
molecule keeping t h e  d i s tance  o f  t h e  outmost s i t e s ,  L, cons tan t  t h e  FHSMs reduce consequent- 
l y  t o  the  p r o l a t e  spherocy l i nde r  descr ibed by t h e  r e l a t i o n s h i p  ( v a l i d  f o r  d i f f e r e n t  types  o f  
convex bod ies)  

(28)  2 2  3 
+ an [ 3a - (6a -5 )n ] / ( l - n )  BPIP = 1 / (1 -n)  + 3 a n / ( l - n )  

which f o r  m ix tu res  assumes t h e  form 

BP/P = 1 / (1 -n)  + r s / p ( l - n )  + [qs (1 -2n)  + 5 rsn  ] / 3 p ( l - n )  

I n  passing we no te  t h a t  an analogy o f  t h e  B-N r u l e  can be employed a l s o  w i t h  t h e  equa t ion  o f  
s t a t e  o f  two-dimensional  hard  dumbells. We have proposed ( r e f .  21) 

(29 )  2 2 2 3 

2 where y = 0 /4aA 
B-N r u l e  dogs no? y i g l d  accura te  enough'predict ion o f  t he  tko-d imens iona l  dumbel ls;  another  
p r e s c r i p t i o n  i n  which e n l a r g e r  dumbell i s  cons idered f o r  t he  de te rm ina t ion  o f  0, and Ac  
works more s a t i s f a c t o r y .  
Several  o f  t h e  hard  body express ions  combined w i t h  an e m p i r i c a l  a t t r a c t i v e  te rm r e s u l t  i n  
t h e  "augmented van der  Waals" (vdW) equat ions  o f  s t a t e .  For t h e i r  a p p l i c a t i o n s  i n  r o u t i n e  
chemica l -eng ineer ing  methods i t  i s  o f t e n  necessary t o  employ t h e  one-componens equa t ion  o f  
s t a t e  w i t h  parameters ob ta ined  f rom the  m i x i n g  r u l e s .  Q u i t e  o f t e n  vdW r u l e ,  d = ZZx.x.d?.,  
i s  considered. Th is ,  however, i s  v a l i d  o n l y  a t  low d e n s i t i e s .  To improve t h e  maccuraEy? I J  
t h e  densi ty-dependent m i x i n g  r u l e  i s  in t roduced.  Recent ly  Meyer ( r e f .  22) proposed 

(0  i s  a per imeter ,  A - area  and n2 = pA ) .  I t  appears, however, t h a t  t h e  

The i n t r o d u c t i o n  o f 3 t h e  d e n s i t y  dependent m i x i n  
c o r r e c t l y  d i  = cxidi, and employ Eq (27)  o r  (283 w i t h  a g iven  by [ct: r e f .  231 

r u l e  i s ,  however, n o t  necessary, i f  we take  

a = c c  x . x . a . . v . . / c  x . v  m l J 1 J l J  l i  

where 

Even b e t t e r  - and i n  t h e  case o f  t h e  hard  sphere m ix tu res  t h e  exac t  r e s u l t s  can be found by 
s u b s t i t u t i n g  f o r  a -+ 6, where 

8, = [ Z  Xi(CxiVi)2/3]3/(Z XiVi) 2 
(34)  

I t  i s  e v i d e n t  t h a t  m i x i n g  r u l e s  (32)  and (34)  c i re2qu i te  s imp le  and lead  t o  t h e  dens i t y - i nde -  
pendent parameters. 

a p p l i c a t i o n  o f  t h e  exac t  equa t ion  o f  s t a t e .  Comparison o f  t h e  c8mpressTb i l i t y  f a c t o r s  ca l cu -  
l a t e d  f rom densi ty-dependent and above-mentioned m i x i n g  r u l e s  ( f o r  a and B ~ )  f o r  hard  sphe- 
r e  m ix tu res  w i t h  t h e  d iameter  r a t i o s  3 : l  and 1:0.6 i s  d i s c l o s e d  i n  FTgs 10 - 11. I n  F igs  

d i f f e r s  cons ide rab ly  f rom a o n l y  i n  t h e  case o f  extreme d i f f e r e n c e s  
i n  the  s i z e  o f  molecu 7 es. For hard  sphere mixture!! t h e  use o f  ~1 and 6 corresponds t o  t h e  
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Fig .  10. C o m p r e s s i b i l i t y  f a c t o r  o f  F ig .  11. C o m p r e s s i b i l i t y  f a c t o r  o f  
t h e  equ imolar  hs m i x t u r e  f rom 
A - v.d. Waa€s ru le ,  6 . -  Eq [32 ) ,  

t h e  equ imolar  hs m i x t u r e  f rom 
A - v.d. Waals r u l e ,  B - Eq (32 ) ,  
C - Eq (31 ) ,  D - Eqs (32 ) ,  (34)  C - Eq (311, R - EqS [32),  (34) 
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F i g .  12. C o m p r e s s i b i l i t y  f a c t o r  o f  
t h e  e q u i m o l a r  m i x t u r e  o f  h a r d  
spheres -dumbe l l s  (L*  = 1 )  

(321, ( 3 4 )  

F i g .  13. C o m p r e s s i b i l i t y  f a c t o r  o f  
t h e  e q u i m o l a r  m i x t u r e  o f  h a r d  
s p h e r e s - p r o l a t e  s p h e r o c y l i n d e r s  
(Y = 2 )  
A - Eq ( 3 2 ) ,  B - e x a c t ,  C - Eqs 
(321, ( 3 4 )  

A - Eq ( 3 2 ) ,  B - e x a c t ,  C - Eqs 

12-13 a s i m i l a r  compar i son  i s  g i v e n  f o r  a m i x t u r e  o f  spheres  and p r o l a t e  s p h e r o c y l i n d e r s ,  
and f o r  a m i x t u r e  o f  h a r d  spheres  and h a r d  d u m b e l l s  o f  L* = 1. Good acco rdance  was f o u n d  
i n  t h e  b o t h  cases.  
I t  i s  o b v i o u s  t h a t  t h e  p roposed  m i x i n g  r u l e s  y i e l d  v e r y  good p r e d i c t i o n  f o r  a l l  t h e  
s t u d i e d  systems.  

CONCLUSION 

I t  has been shown how t h e  p e r t u r b a t i o n  t h e o r y  o f  convex m o l e c u l e  f l u i d s  can  be  s y s t e m a t i c a l -  
l y  improved  w h i l e  k e e p i n g  i t s  s i m p l e  ( a n a l y t i c )  f o rm.  The t h e o r y  ag rees  w e l l  w i t h  t h e  Monte 
C a r l o  d a t a  on t h e  L-J  and K i h a r a  r o d - l i k e  f l u i d s  and t h e i r  m i x t u r e s  and e n a b l e s a  good f i t  o f  
t h e  c o e x i s t e n c e  c u r v e  o f  v a r i e t y  o f  compounds. T h e o r e t i c a l  e x p r e s s i o n s  can  be  e a s i l y  mod i -  
f i e d  t o  d e s c r i b e  s i m i l a r  mode ls  o f  t h e  i n t e r a c t i o n  e m p l o y i n g  ave rag ing - to -convex -body  t e c h -  
n i q u e .  

We have p r e s e n t e d  t h e  e q u a t i o n s  o f  s t a t e  o f  h a r d  body systems f o r  t h e  d i f f e r e n t  t y p e s  o f  
h a r d  b o d i e s  and s i m p l e  m i x i n g  r u l e s  f o r  pa ramete rs  d , a and B w h i c h  a l l o w  t h e  use  o f  t h e  
one-component e q u a t i o n  o f  s t a t e  t o  d e s c r i b e  t h e  b e h a v i o u v  o f  m i h u r e s .  I t  has been shown 
t h a t  t h e  b e t t e r  i n s i g h t  i n t o  t h e  t h e o r y  a v o i d s  n e c e s s i t y  o f  i n t r o d u c i n g  t h e  d e n s i t y - d e p e n d e n t  
m i x i n g  r u l e s .  
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