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Continuous thermodynamics 

M a r g i t  T. R l t z s c h  
Chemis t r y  Department,  " C a r l  Schorlemmer" T e c h n i c a l  U n i v e r -  
s i t y ,  Merseburg,  DDR-4200, German Democrat ic  R e p u b l i c  

A b s t r a c t  - A c o n s i s t e n t  b u i l d i n g  o f  " con t inuous  thermodyna- 
m ics "  i s  presented;  i t  i s  a p p l i c a b l e  t o  e l l  m i x t u r e s  con- 
t a i n i n g  a l a r g e  number o f  v e r y  s i m i l a r  chemica l  spec ies.  
I n s t e a d  o f  i d e n t i f y i n g  t h e  components by a d i s c o n t i n u o u s  
i n d e x ,  a c o n t i n u o u s  i d e n t i f i c a t i o n  v a r i a b l e  i s  used such as 
t h e  b o i l i n g - p o i n t  temperature.  T h i s  p e r m i t s  t o  d i f f e r a n -  
t i a t e ,  t o  i n t e g r a t e ,  o r  t o  deve lop  a power s e r i e s  w i t h  
respec t  t o  t h i s  v a r i a b l e .  These o p e r a t i o n s  a r e  i m p o s s i b l e  
f o r  a d i s c o n t i n u o u s  index.  To demonstrete,  c o n t i n u o u s  thermo- 
dynamics i s  a p p l i e d  t o  f l a s h  c a l c u l a t i o n s  o f  pe t ro leum f r a c -  
t i o n s  d e s c r i b e d  by a True B o i l i n g  P o i n t  (TBP) c u r v e ,  t o  
t h e  l i q u i d - l i q u i d  e q u i l i b r i u m  and t o  t h e  f r a c t i o n a t i o n  p ro -  
cess o f  po lymer s o l u t i o n s  d e s c r i b e d  by t h e  wel l -known molar  
mass d i s t r i b u t i o n .  

INTRODUCTION 

The d e s c r i p t i o n  o f  t h e  c o m p o s i t i o n  by mole f r a c t i o n s  i s  no problem i f  t h e  
system c o n t a i n s  o n l y  two o r  t h r e e  components, b u t  a l a r g e  number o f  v e r y  
s i m i l a r  chemica l  spec ies  occur  i n  many i n d u s t r i a l  m i x t u r e s ,  f o r  example, i n  
pe t ro leum,  i n  pe t ro leum f r a c t i o n s ,  i n  c o a l - d e r i v e d  l i q u i d s ,  i n  po lymers,  o r  
i n  v e g e t a b l e  o i l s .  I n  these cases,  i t  i s  d i f f i c u l t  o r  p r a c t i c a l l y  i m p o s s i b l e  
t o  i s o l a t e  and t o  i d e n t i f y  t h e  components b y  o r d i n a r y  chemica l  a n a l y s i s .  
Thus, t h e  mole f r a c t i o n s  o f  t h e  components a r e  unknown. Even i f  t h e y  were 
known, i t  would be a v e r y  comp l i ca ted  problem t o  manage a system o f  a 
thousand o r  more e q u a t i o n s  f o r  a thousand o r  more components. 

M i x t u r e s  o f  t h i s  k i n d  a r e  c a l l e d  complex mult icomponent m i x t u r e s  o r  p o l y -  
d i s p e r s e  m ix tu res .  I n s t e a d  o f  t h e  mole f r a c t i o n s  o f  i n d i v i d u a l  components, 
con t i nuous  d i s t r i b u t i o n  f u n c t i o n s  a r e  a p p l i e d  f o r  d e s c r i b i n g  t h e  composi- 
t i on .  

Us ing  such c o n t i n u o u s  d i s t r i b u t i o n  f u n c t i o n s  i n v o l v e s  a n  i n c o n s i s t e n c y  
w i t h  t h e  u s u a l  thermodynamics based on mole f r a c t i o n s  o f  i n d i v i d u a l  compo- 
n e n t s .  U n t i l  now, t w o  p o s s i b i l i t i e s  h a v e  b e e n  known f o r  o v e r c o m i n g  t h i s  i n c o n s i s -  
tency:  t h e  pseudocomponent approach and t h e  key component approach. The 
pseudocomponent approach c o n s i s t s  o f  app rox ima t ing  t h e  c o n t i n u o u s  d i s t r i b u -  
t i o n  by a d i s c o n t i n u o u s  ( b a r )  d i s t r i b u t i o n  where each b a r  r e p r e s e n t s  a 
pseudocomponent. I n  t h i s  way, t h e  complex m i x t u r e  can be t r e a t e d  a s  a 
c l a s s i c a l  mult icomponent m i x t u r e  o f  these pseudocomponents. Key components 
a r e  chemica l  spec ies  p r e s e n t  i n  t h e  m i x t u r e .  T h e i r  amounts a r e  f i t t e d  i n  
such a way t h a t  t h e  mult icomponent m i x t u r e  formed by these key components 
possesses thermodynamic p r o p e r t i e s  s i m i l a r  t o  those o f  t h e  complex m i x t u r e .  
C l e a r l y ,  b o t h  approaches a r e  crude;  t h e  number and manner o f  s e l e c t i o n  o f  
t h e  pseudocomponents o r  key components a r e  a r b i t r a r y .  

The c o n t e n t s  o f  c o n t i n u o u s  thermodynemics c o n s i s t s  o f  overcoming t h i s  i n -  
c o n s i s t e n c y  i n  a n  o p p o s i t e  way; chemica l  thermodynamics i s  c o n v e r t e d  i n t o  
a form adapted t o  con t inuoue  d i s t r i b u t i o n  f u n c t i o n s .  

FUNDAMENTALS 

An ensemble B o f  a l a r g e  number o f  s i m i l a r  chemica l  s p e c i e s  i s  cons ide red  
and t h e  spec ies  a r e  assumed t o  be i d e n t i f i e d  s u f f i c i e n t l y  by t h e  v a l u e  o f  
one v a r i a b l e  T i n  such a way t h a t  two species d i s t i n g u i s h e d  by small d i f f e r e n -  

1105 



1106 M. T. RATZSCH 

ces o f  T a l s o  d i f f e r  i n  s m a l l  a m o u n t s  o f  t h e  t h e r m o d y n a m i c  p r o p e r t i e s .  
T h i s  v a r i a b l e  i s  chosen t o  be t h e  (no rma l )  b o i l i n g - p o i n t  temperature o f  t h e  
pu re  species.  But  o t h e r  q u a n t i t i e s , s u c h  as molar  mass o r  segment number, may 
be used l i k e w i s e .  

The e x t e n s i v e  d i s t r i b u t i o n  f u n c t i o n  w(z )  f o r  t h e  ensemble B i s  d e f i n e d  by 
e q u a t i n g  t h e  i n t e g r a l  

/=';-.) d z  (1) z' 
t o  t h e  amount o f  a l l  spec ies  w i t h  C -va lues  between 2'' and 7"'. Then, t h e  
o v e r a l l  amount o f  substance nB i s  g i v e n  by 

(2) 

The i n t e g r a t i o n  has t o  be per formed f o r  t h e  t o t a l  domain o f  z between t h e  
l i m i t s  o f  t h e  o c c u r r i n g  z -va lues ,  z0 and To .  D i v i d i n g  w ( z )  by nBy t h e  
i n t e n s i v e  d i s t r i b u t i o n  f u n c t i o n  W ( T ) ,  co r respond ing  t o  t h e  mole f r a c t i o n s  
i n  u s u a l  thermodynamics, i s  ob ta ined :  

( 3 a , b )  

P e t r o l e u m  f r a c t i o n s  a n d  s i m i l a r  c o m p l e x  m i x t u r e s  c a p  b e  c h a r a c t e r i z e d  b y  t h e i r  
True B o i l i n g  P o i n t  (TBP) c u r v e s  which may be determined e x p e r i m e n t a l l y  by 
d i s t i l l a t i o n  u s i n g  a column w i t h  a l a r g e  number o f  t h e o r e t i c a l  p l a t e s  and b y  
a p p l y i n g  a h i g h  r e f l u x  r a t i o .  T h e r e f o r e ,  t h e  temperature a t  t h e  top  o f  t h e  
column i s  i d e n t i f i e d  w i t h  t h e  b o i l i n g - p o i n t  temperature T o f  the  c o r r e s -  
ponding pu re  species.  The d i s t r i b u t i o n  f u n c t i o n  W ( 2 )  i s  o b t a i n e d  by d i f f e -  
r e n t i a t i o n  w i t h  respec t  t o  r . 
There i s  a l s o  t h e  p o s s i b i l i t y  t o  de te rm ine  t h e  TBP-curves by gaschromato- 
g r a p h i c  s i m u l a t i o n .  I f  an i n d i f f e r e n t  s t a t i o n a r y  phase i s  used,the gas 
chromatographic  s e p a r a t i o n  i s  e f f e c t e d  a c c o r d i n g  t o  t h e  vapor  p ressu res  
which,  f o r  s i m i l a r  substances,  a r e  c l e a r l y  r e l a t e d  t o  t h e  b o i l i n g - p o i n t  
temperatures.  Thus, t h e  gas  c h r o m a t o g r a m  may be c a l i b r a t e d  w i t h  r e s p e c t  t o  
t h e  b o i l i n g - p o i n t  temperatures.  By a p p l y i n g  f l a m e  i o n i s a t i o n  d e t e c t i o n ( F 1 D ) Y  
t h e  area below t h e  g a s  c h r o m a t o g r a m  p roves  t o  be p r o p o r t i o n a l  t o  m a s s .  

I n  u s u a l  thermodynamics an a r b i t r a r y  e x t e n s i v e  q u a n t i t y  z (e.g. volume, 
e n t h a l p y ,  Gibbs f r e e  energy )  o f  a phase may be cons ide red  as a f u n c t i o n  o f  
temperature T,  p ressu re  P and t h e  amounts o f  substances nl, ... ,nc: 

I n  t h e  c o n t i n u o u s  c a s e  t h e  e x t e n s i v e  d i s t r i b u t i o n  f u n c t i o n  W ( T )  o c c u r s ,  
i n s t e a d  o f  n l .  .... n c  ( r e f s  1 - 3 ) :  

I n  c o n t i n u o u s  thermodynamics,z i s  a f u n c t i o n  w i t h  r e s p e c t  t o  T and P, b u t  a 
f u n c t i o n a l  w i t h  respec t  t o  w. A f u n c t i o n a l  i s  a mapping a s s i g n i n g  a number 
t o  each f u n c t i o n  o f  a g i v e n  c l a s s  o f  f u n c t i o n s .  An example i s  t h e  d e f i n i t e  
i n t e g r a l  w i t h  f i x e d  l i m i t s :  t h e  i n t e g r a l  v a l u e  i s  ass igned t o  each func- 
t i o n  o c c u r r i n g  a s  i n t e g r a n d .  Here,  a v a l u e  z i s  ass igned  t o  each f u n c t i o n  
w ( r )  ( a t  g i v e n  v a l u e s  o f  T,P). T h i s  v a l u e  z depends on t h e  t o t a l  cou rse  
o f  t h e  f u n c t i o n  w b u t  n o t  on i t s  argument ' t .  (The q u a n t i t y  7 always 
passes th rough  t h e  t o t a l  d e f i n i t i o n  range.)  Hence, i n  Eq. ( 5 )  w i s  w r i t t e n  
and n o t  w ( z ) .  The d i f f e r e n t  k i n d s  o f  v a r i a b l e s ,  u s u a l  v a r i a b l e s  ( such  a s  
T,P) ,  b e i n g  c a l l e d  f o r  d i s t i n c t i o n  v a r i a b l e  s c a l a r s ,  and v a r i a b l e  f u n c t i o n s  
a r e  separated by a semicolon. As an example,the volume v o f  an i d e a l  
m i x t u r e  i s  cons ide red  

= z(T,P;w) . (5) 

H e r e , V l ( r )  i s  t h e  molar  volume o f  t h e  pu re  spec ies  o f  t h e  ensemble B 

i d e n t i f i e d  by t h e  b o i l i n g - p o i n t  temperature z . The f u n c t i o n  V;(z) i s  
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% 

o b t a i n e d  by i n t e r p o l a t i n g  t h e  VL-values o f  r e a l  d i s c r e t e  species.  To 
compare, Eq. (6b )  shows a n  analogous r e l a t i o n  i n  t r a d i t i o n a l  thermodyna- 
mics. The most i m p o r t a n t  d i f f e r e n c e s  a re :  - I n  c o n t i n u o u s  thermodynamics t h e  s p e c i e s  a r e  i d e n t i f i e d  by a c o n t i n u o u s  

- The c o m p o s i t i o n  i s  d e s c r i b e d  by a c o n t i n u o u s  d i s t r i b u t i o n  f u n c t i o n  w ( z )  

- The thermodynamic q u a n t i t i e s  ( h e r e  v )  a r e  f u n c t i o n a l 9  o f  t h e  d i s t r i b u t i o n  

v a r i a b l e  T i n s t e a d  o f  a d i s c r e t e  i n d e x  i. 

i n s t e a d  o f  t h e  amounts o f  substances nl, ..., nc. 

f u n c t i o n  w ( y ) , i n s t e a d  o f  f u n c t i o n s  o f  t h e  amounts o f  substances 
nl,. . . ,nc. 

To p e r f o r m  thermodynamic c o n s i d e r a t i o n s , t h e  s t a r t i n g  p o i n t  i s  t h e  r e l a t i o n  
f o r  t he  c h e m i c a l  p o t e n t i a l .  I n  t r a d i t i o n a l  thermodynamics t h e  wel l -known 
r e l a t i o n  reads 

P i  = /  ~ * ( T , P )  i + RT I n  xi + RT I n  Ti 1 ( 7 )  /Jr i s  t h e  chemica l  p o t e n t i a l  o f  t h e  pu re  chemica l  spec ies  i. The second 
term on t h e  r i g h t  hand s i d e  d e s c r i b e s  an i d e a l  m i x t u r e  and t h e  l a s t  term 
accounts f o r  d e v i a t i o n s  from such a m ix tu re .  F o r  t h i s  r e a s o n ,  t h e  a c t i v i t y  
c o e f f i c i e n t  y i  i s  i n t r o d u c e d  w h e r e  y i  = 1 f o r  X i  = 1 .  

The co r respond ing  r e l a t i o n  i n  c o n t i n u o u s  thermodynamics reads 

p (-z) =~:(~C,T,P) + RT I n  w(z') + RT l n r ( . r )  (8) 

Once t h e  chemica l  p o t e n t i a l  i s  known, a l l  o t h e r  thermodynamic e q u i l i b r i u m  
p r o p e r t i e s  may be c a l c u l a t e d  by means o f  t h e  wel l -known thermodynamic r e l a -  
t i o n s .  S ince  t h e  chemica l  p o t e n t i a l  equa ls  t h e  p a r t i a l  mo la r  Gibbs f r e e  
energy,  t h e  mo la r  Gibbs f r e e  energy G i t s e l f  reads 

n W(z) * ( z ,T ,P )  d r  + RT/W(%) I n  W(z) d y  + RT-LW(z) l n p ( 7 )  d.t. -r r o  Jz' i_ 

The molar  excess Gibbs f r e e  energy GE e q u a l s  t h e  t h i r d  t e r m  on t h e  r i g h t  
hand s i d e  o f  t h i s  r e l a t i o n .  O the r  thermodynamic q u a n t i t i e s  may be o b t a i n e d  
i n  t h e  u s u a l  manner. Thus, t h e  mo la r  e n t r o p y  S, t he  mo la r  e n t h a l p y  H, and 
t h e  mo la r  volume V may be c a l c u l a t e d  by 

S p - aG/2T; H G + TS; V aG/;iP (10) 

VAPOR-LIQUID EQUILIBRIUM 

Regard ing t h e  v a p o r - l i q u i d  e q u i l i b r i u m  t h e  most i m p o r t a n t  problem is t h a t  
o f  f l a s h  c a l c u l a t i o n s .  A feed phase F s p l i t s  i n t o  a l i q u i d  phase L and a 
gaseous phase G. Temperature,  p r e s s u r e  and feed d i s t r i b u t i o n  a r e  s p e c i f i e d ;  
t he  d i s t r i b u t i o n s  and r e l a t i v e  amounts o f  t h e  o u t l e t  streams e r e  t o  be 
c a l c u l a t e d .  The feed and o u t l e t  s t reams a r e  r e l a t e d  th rough  m a t e r i a l  
ba lances;  t h e  two o u t l e t  streams a r e  assumed t o  be i n  thermodynamic 
e q u i l i b r i u m .  

The m a t e r i a l  ba lances read i n  c o n t i n u o u s  thermodynamics ( r e f s .  4 , 5 )  

F L G w (z) - w (2) + w (z) 

a p p l y i n g  t h e  e x t e n s i v e  d i s t r i b u t i o n  f u n c t i o n s .  Whereas i n  u s u a l  thermo- 
dynamics t h e  m a t e r i a l  ba lances a r e  expressed by as many equa t ions  as c o m p o -  
n e n t s  t h a t  a r e  p r e s e n t  o r  a s  p s e u d o - c o m p o n e n t s  t h a t  a r e  p o s t u l a t e d ,  in c o n -  
t i n u o u s  thermodynamics o n l y  one e q u a t i o n  i s  o b t a i n e d ,  v a l i d  f o r  the t o t a l  
i n t e r v a l  o f  t h e  o c c u r r i n g  v a l u e s  o f  t h e  i d e n t i f i c a t i o n  v a r i a b l e  2 .  Hence, 
i n  c o n t i n u o u s  thermodynamics t h e  m a t e r i a l  ba lance i s  a f u n c t i o n  e q u a t i o n ,  
i.e. an e q u a t i o n  p e r m i t t i n g  t h e  d e t e r m i n a t i o n  o f  an unknown f u n c t i o n .  

Acco rd ing  t o  Eq. ( 2 )  i n t e g r a t i o n  r e s u l t s  i n  

(12 )  F L G  nB = nB + nB 

The degree o f  v a p o r i z a t i o n  
substance i n  t h e  gaseous phase ng ,d i v ided  by t h e  amount o f  substance nB i n  

Q i s  d e f i n e d  as t h e  q u o t i e n t  o f  t h e  amount o f  
G F 
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On c o m b i n i n g  t h e s e  e q u a t i o n s  and i n t r o d u c i n g  t h e  i n t e n s i v e  d i s t r i b u t i o n  func- 
t i o n s  W(T)% t h e  m a t e r i a l  ba lance reads 

WF(2) = ( 1  - 4 )  W L ( Z )  + +WG(z). 

pG( . t )  = y L(r) (15)  

( 1 4 )  

I n  c o n t i n u o u s  thermodynamics t h e  phase e q u i l i b r i u m  c o n d i t i o n  reads 

The chemica l  p o t e n t i a l s  must be e q u a l  f o r  a l l  o c c u r r i n g  species.  L i k e  t h e  
mass balanced t h e  phase e q u i l i b r i u m  r e l a t i o n s h i p  a p p l i e s  t o  t h e  t o t a l  range 
o f t h e  o c c u r r i n g  . r - v a l u e s .  Hence ,  i t  i s  a l s o  a f u n c t i o n  equa t ion .  O n  a p p l y i n g t h e  
e x p r e s s i o n  f o r  t h e  chemica l  p o t e n t i a l  shown above and a s i m i l a r  r e l a t i o n  
f o r  t h e  vapor  phase, t h e  phase e q u i l i b r i u m  c o n d i t i o n  r e s u l t s  i n  ( r e f s .  4 ,5 )  

# 
PWG(y) cj ( 2 )  = WL(z)f (7) P"(T,T)Y (v). (16 )  

L Here, P i s  t h e  e q u i l i b r i u m  p r e s s u r e ,  WG(%) and W ( v )  a r e  t h e  i n t e n s i v e  
d i s t r i b u t i o n  f u n c t i o n s  i n  t h e  gaseous and t h e  l i q u i d  phase, r e s p e c t i v e l y ,  
a n d ? ( ? )  i s  t h e  a c t i v i t y  c o e f f i c i e n t  i n  t h e  l i q u i d  phase. P*(z,T) i s  t h e  
vapor  p r e s s u r e  o f  t h e  pu re  chemica l  spec ies  i d e n t i f i e d  by z 
a t  t h e  system temperature T. The q u a n t i t y c p ( 7 )  i s  t h e  f u g e c i t y  c o e f f i -  
c i e n t  o f  t h i s  s p e c i e s  i n  t h e  m i x t u r e ,  and U*(z) d e s i g n a t e s  i t s  f u g a c i t y  
c o e f f i c i e n t  as pu re  gaseous phase. I n  Eq. ( 1 6 )  t h e  P o y n t i n g  c o r r e c t i o n  i s  
neglected.  T h i s  r e l a t i o n  i s  t h e  c o n t i n u o u s  v e r s i o n  o f  t h e  wel l -known d i s -  
c r e t e  r e l a t i o n  f o r  t h e  v a p o r - l i q u i d  e q u i l i b r i u m .  I t  a l s o  a p p l i e s  t o  t h e  
t o t a l  o c c u r r i n g  -c - i n t e r v a l ,  i .e.  i t  i s  a f u n c t i o n  equa t ion .  

I f  t h e  phases a r e  assumed t o  behave i d e a l l y ,  t hen  F(T) = 1, cp(r) = 1, 

V * ( v )  = 1 and t h e  r e l a t i o n  s i m p l i f i e s  t o  t h e  c o n t i n u o u s  v e r s i o n  o f  
R a o u l t ' s  law r e a d i n g  

PWG(y) = WL(-r) P*(Z,T), ( 1 7 )  
To t r e a t  t h e  f l a s h  problem t h e  m a t e r i a l  ba lance and t h e  phase e q u i l i b r i u m  
r e l a t i o n s h i p  a r e  t o  be combined. Both e q u a t i o n s  a r e  v a l i d  f o r  a l l  -r -values 
o f  t he  g i v e n r - i n t e r v a l .  They p e r m i t  t h e  c a l c u l a t i o n  o f  t h e  unknown 
d i s t r i b u t i o n  f u n c t i o n s  WL(-c) and W G ( z )  f rom WF(r) .  
r e s u l t  i n  

O n  rea r rang ing ,  t h e y  

W F b )  ( 1 8 )  

WF( 2) L (19 )  

S ince  b o t h  d i s t r i b u t i o n  f u n c t i o n s  a r e  no rma l i zed  t o  one, i n t e g r a t i o n  and 
s u b s t r a c t i o n  r e s u l t s  i n  t h e  s o - c a l l e d  f l a s h  e q u a t i o n  

As  p o i n t e d  o u t  above, t h e  d i s t r i b u t i o n s  o f  t h e  c o e x i s t i n g  phases, W L ( ~ )  

and WG(-c) ,  and t h e  r e l a t i v e  amount o f  t h e  gaseous phase, + ,  a r e  t o  be 
c a l c u l a t e d  from these t h r e e  equat ions.  S ince  #(T) depends on WL(-r) and 
[F(z) depends on WG(z), t h e  unknown d i s t r i b u t i o n  f u n c t i o n s  and (f., t h e  un- 
known s c a l a r ,  a r e  combined i n  a comp l i ca ted  way. However, i n  many cases 
cons ide red  i n  p r a c t i c e ,  ? L ( T )  depends on W ( T )  by means o f  a f u n c t i o n a l  and, 
a n a l o g o u s l y , ?  (T) depends on W ( , r )  by means o f  a f u n c t i o n a l .  I n  t h i s  case, 
t h e  problem o f  t h e  unknown d i s t r i b u t i o n  f u n c t i o n s  may be separa ted  and 
s o l v e d  e x a c t l y .  

L 

G 
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To show th i s ,? ( *< )  i s  assumed t o  be c a l c u l a t e d  by t h e  F lo ry -Hugg ins  r e l a -  
t i o n  

(21a.b) 

Here,  a l l  molecules a r e  imagined t o  be d i v i d e d  i n t o  segments, and r ( r )  i s  
t h e  number o f  segments o f  t h e  spec ies  i d e n t i f i e d  b y % .  The q u a n t i t y  F i s  
t h e  (number) average segment number o f  t h e  l i q u i d  phase. I t  is t h i s  
q u a n t i t y  r which p r o v i d e s  the  dependence o f f  (7) on W (%) and, hence, t h e  
c o u p l i n g  o f  t h e  f u n c t i o n  e q u a t i o n  f o r  W ( a )  and t h e  s c a l a r  e q u a t i o n  f o r  9. 
However, t h e  q u a n t i t y  ? i s  a f u n c t i o n a l  o f  WL(e). T h i s  means t h a t  it i s  a 
s c a l a r  i t s e l f s b u t  depends on t h e  t o t a l  course o f  t h e  f u n c t i o n  W (2). Thus, 
i t  i s  p o s s i b l e  t o  c o n s i d e r  F as a n  a d d i t i o n a l  s c a l a r  u n k n o w n  a n d  i t s  
d e f i n i n g  e q u a t i o n  as a n  a d d i t i o n a l  s c a l a r  e q u a t i o n .  T h i s  e q u a t i o n  c o n t a i n s  
W ( w ) .  But W ( 2 )  may be r e p l a c e d  by Eq. (18), where now on t h e  r i g h t  hand 
s i d e  W ( Y )  does n o t  occu r  b u t  o n l y  t h e  two unknown s c a l a r s  @ and i .  

L Hence, i n  t h i s  way, Eq. ( 1 8 )  g i v e s  W (z) i n  a n  e x a c t  a n d . e x p l i c i t  f o r m .  T h e  
two s c a l a r  unknowns + and F a r e  t o  be c a l c u l a t e d  from two s c a l a r  equa t ions :  
t h e  f l a s h  r e l a t i o n ,  Eq. ( 2 0 ) ,  and t h e  r e l a t i o n  f o r  P, Eq. (21b ) ,  r e p l a c i n g  
W (7) as discussed. Thus, i n  t h i s  case t h e  f l a s h  problem needs o n l y  t h e  
c a l c u l a t i o n  o f  these two e q u a t i o n s  by n u m e r i c a l  methods, Then W ( T )  i s  
g i v e n  e x p l i c i t l y .  

T h i s  p o s s i b i l i t y  o f  s e p a r a t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  problem i s  
a lways met i f  t h e  dependence o f  a ' ( 7 )  on W (r) has t h e  form o f  a f u n c t i o n a l .  

G Fur thermore,  i f  y ( r )  d e p e n d s  on W ( 2 )  a l s o  by means o f  a f u n c t i o n a l ,  t hen  
a g a i n  analogous arguments apply .  

Hence, i n  t h e  cons ide red  case which i s  o f t e n  m e t  , t h e  d i s t r i b u t i o n  func- 
t i o n s  W (z) and W (v )  a r e  g i v e n  by s i m p l e  e x p l i c i t  and exac t  r e l a t i o n s .  
On ly  a s m a l l  number o f  s c a l a r  equa t ions  i s  t o  be s o l v e d  by n u m e r i c a l  
methods: t h e  f l a s h  e q u a t i o n  and one e q u a t i o n  f o r  each o c c u r r i n g  f u n c t i o n a l .  

I n  t h e  s i m p l e s t  v e r s i o n  o f  c o n t i n u o u s  thermodynamics p resen ted  above 
a l l  chemica l  spec ies  o c c u r r i n g  e r e  cons ide red  as s i m i l a r .  Thus,they a l l  a r e  
d e s c r i b e d  by one d i s t r i b u t i o n  f u n c t i o n .  I n  a more r e f i n e d  v e r s i o n  t h e  
presence o f  s e v e r a l  ensembles o f  v e r y  s i m i l a r  spec ies  i n  the  m i x t u r e  may be 
accounted f o r  d e s c r i b i n g  each ensemble by i t s  own d i s t r i b u t i o n  f u n c t i o n .  I n  
t h i s  way, f o r  example, t h e  a r o m a t i c ,  neph then ic  and p a r a f f i n i c  hydrocarbons 
i n  a pe t ro leum f r a c t i o n  may be t r e a t e d  s e p a r a t e l y .  Fu r the rmore ,  some i n d i -  
v i d u a l  components may a d d i t i o n a l l y  be p resen t .  They can a l s o  be i n c l u d e d  
i n t o  t h e  formal ism.  Such an i n d i v i d u a l  component can be a s o l v e n t  f o r  t h e  
s e l e c t i v e  e x t r a c t i o n  o f  a r o m a t i c s  o r  f o r  e x t r a c t i v e  d i s t i l l a t i o n .  I n  t h e  
r e f i n e d  v e r s i o n  t h e  UNIFAC-model p r o v i d e s  a conven ien t  method t o  account  
f o r  t h e  r e a l  b e h a v i o r  o f  t h e  l i q u i d  phase. 

L 
L 

L 

L L 
L 

L 
L 

L 

L G 

LIQUID-LIQUID EQUILIBRIUM 

Here, t h e  most i m p o r t a n t  problem i s  t h a t  o f  t h e  l i q u i d - l i q u i d  e q u i l i b r i u m  i n  
po lymer s o l u t i o n s  and polymer m ix tu res .  Examples a r e  t h e  h igh -p ressu re  
s y n t h e s i s  o f  l ow  d e n s i t y  p o l y e t h y l e n e  ( d u r i n g  t h e  s y n t h e s i s  t h e  p o l y -  
e t h y l e n e  i s  formed as s o l u t e  i n  s u p e r c r i t i c a l  p o l y e t h y l e n e  and then  t h e  
p r e s s u r e  i s  lowered l e a d i n g  t o  t h e  e q u i l i b r i u m  o f  a po l ymer - l ean  and a 
p o l y m e r - r i c h  phase) ,  t h e  polymer-polymer c o m p a t i b i l i t y  and t h e  problem o f  
polyme r f r a c t i o n a t i o n .  

C o n s i d e r i n g  polymers,  t h e  mo la r  mass d i s t r i b u t i o n  f u n c t i o n  i s  wel l -known 
from polymer c h a r a c t e r i z a t i o n .  I n  t h e  framework o f  c o n t i n u o u s  thermodyna- 
mics i t  i s  a p p l i e d  d i r e c t l y  t o  c a l c u l a t e  phase e q u i l i b r i a .  To show t h e  
p r i n c i p l e s , a  s o l u t i o n  o f  a s o l v e n t  A and a p o l y d i s p e r s e  polymer B i s  
cons idered.  The i n d i v i d u a l  s p e c i e s  o f  t h e  polymer B a r e  i d e n t i f i e d  by 
t h e i r  segment numbers r. The segment number r i s  d e f i n e d  a s  t h e  r a t i o  o f  
t h e  h a r d  c o r e  volume o f  t h e  spec ies  cons ide red  and o f  t h e  h a r d  c o r e  volume 
o f  an a r b i t r a r i l y  chosen s tandard  segment. The essence o f  c o n t i n u o u s  t h e r -  
modynamics c o n s i s t s  o f  c o n s i d e r i n g  r as a c o n t i n u o u s l y  v a r i a b l e  q u a n t i t y .  
The c o m p o s i t i o n  o f  t h e  polymer i s  d e s c r i b e d  by t h e  d i s t r i b u t i o n  f u n c t i o n  
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W(r)  d e f i n e d  by t h e  s tatement  t h a t  W(r)  d r  g i v e s  t h e  r e l a t i v e  segment f r e c -  
t i o n  o f  e l l  po lymer spec ies  w i t h  segment numbers between r and r + d r .  I f  
ro i s  t h e  l owes t  and ro t h e  l a r g e s t  o c c u r r i n g  eegment number o f  po lymer 
molecules,  t h e  n o r m a l i z a t i o n  r e l a t i o n  reads 

0 r 

r 
/ W ( r )  d r  = 1; 1 = ( . 

0 

I n  cont inuousNthermodynamics,  t h e  c o n d i t i o n  f o r  e q u i l i b r i u m  between two 
phases and as expressed by t h e  chemica l  p o t e n t i a l s  w r i t e s  ( r e f s .  6-8) 

I1 rb = u  j A /  (23 )  

( 2 4 )  

0 The l a s t  r e l a t i o n  i s  v a l i d  f o r  a l l  o c c u r r i n g  segment numbers f rom ro t o  r . 
I n  comparison t o  t r a d i t i o n a l  thermodynamics t h e  c o n t i n u o u s  i d e n t i f i c a t i o n  
v a r i a b l e  r occurs,  i n s t e a d  o f  a d i s c r e t e  i d e n t i f i c a t i o n  index.  

To t r e a t  phase e q u i l i b r i a  t h e  s t a r t i n g  p o i n t  i s  formed by t h e  r e l a t i o n s  
f o r  t h e  chemica l  p o t e n t i a l .  I n  d i s c r e t e  thermodynamics conven ien t  e q u a t i o n s  
f o r  po lymer s o l u t i o n s  read 

Here,the f i r s t  term i s  t h e  chemica l  p o t e n t i a l  o f  t h e  p u r e  species.  The 
second term i s  t h e  wel l -known F lo ry -Hugg ins  c o n t r i b u t i o n ;  y s i g n i f i e s  

t h e  segment f r a c t i o n  o f  t h e  spec ies  i o f  t h e  polymer B ,  and 4/ i s  t h e  
o v e r a l l  segment f r a c t i o n  o f  t h e  polymer B: 

B i  

- 

rA and r 

number average segment number taken w i t h  respec t  t o  a l l  s p e c i e s  p r e s e n t  
i n  t h e  m ix tu re .  The t h i r d  t e r m  d e s c r i b e s  t h e  d e v i a t i o n  f rom a F lory-Huggins 
m ix tu re .  I t  g e n e r a l i z e s  t h e  c l a s s i c a l  x - t e r m .  For  t h i s  e n d ,  t h e  segmentmolar 
a c t i v i t y  c o e f f i c i e n t s  lLA and 8B 
I n  t h e  c o n t i n u o u s  t r e a t m e n t  t h e  r e l a t i o n  f o r p A  i s  n o t  changed. However, 
t h e  chemica l  p o t e n t i a l  f o r  t h e  polymer spec ies  now reads 

a r e  t h e  segment numbers o f  t h e  s p e c i e s  i n d i c a t e d ,  and r i s  t h e  
Bi 

a r e  in t roduced .  
i 

(28)  
.n 

p B ( r )  = , ~ ~ , ~ ( r )  + RT [ l n v W ( r )  + 1 - "3 - + r RT l n  F B ( r )  
r 

The spec ies  a r e  i d e n t i f i e d  by t h e  c o n t i n u o u s  v a r i a b l e  r i n s t e a d  o f  t h e  d i s -  
c r e t e  i n d e x  i and t h e  c o m p o s i t i o n  i s  d e s c r i b e d  by t h e  c o n t i n u o u s  d i s t r i b u -  
t i o n  f u n c t i o n  W(r)  i n s t e a d  o f  t h e  segment f r a c t i o n s  o f  t h e  d i s c r e t e  
species.  

A p p l i c a t i o n  o f  t h e s e  r e l a t i o n s  f o r t h e  c h e m i c a l  p o t e n t i a l s  t o t h e  phase e q u i l i -  
b r i um c o n d i t i o n  f o r  t h e  l i q u i d - l i q u i d  e q u i l i b r i u m  r e s u l t s  i n  

1 - y . " =  (1 - p ' )  exp rA pA 

(c''W''(r) = p ' w ' ( r )  exp r f B ( r )  

( 29) 

(30 )  

w i t h  
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I n  phase S e p a r a t i o n  exper imen ts  a feed phase F i s  s p l i t  i n t o  two c o e x i s t i n g  
phases ' and ' I .  I f  @ i s  t h e  t o t a l  amount o f  segments ( s o l v e n t  + po lymer)  
i n  phase ' I  d i v i d e d  by t h e  t o t a l  amount o f  segments ( s o l v e n t  + po l ymer )  i n  
the  feed,  t h e  mass balance f o r  t h e  polymer spec ies  i n  c o n t i n u o u s  thermo- 
dynamics reads 

( 3 3 )  
F F  

and, a f t e r  i n t e g r a t i o n ,  

Y w ( r )  = (1 - 9 )  y ' w ' ( r )  + +  ? "w" ( r ) ,  

p F  = (1 -9) w (  + +u'. ( 3 4 )  

F o r  t h e  t o t a l  number average segment number r which i n  c o n t i n u o u s  thermo- 
dynamics i s  g i v e n  by 

!%d d r  ( 3 5 )  
L a x + & ;  - = ,  1 - - 

rB ' r 'A 'B r 

t h e  mass balance r e l a t i o n s h i p s  l e a d  t o  

F I n  p h a s e  s e p a r a t i o n  e x p e r i m e n t s  t h e  c o m p o s i t i o n  o f  t h e  f e e d  ( i . e .  Y a n d  

W F ( r ) )  i s  u s u a l l y  known. The r e l a t i o n s  between t h e  q u a n t i t i e s  r e f e r r i n g  t o  
phase and those r e f e r r i n g  t o  phase ' I  a r e  p r o v i d e d  by Eqs. ( 3 3 ) ,  ( 3 4 ) ,  
and (36) .  They p e r m i t  t o  e l i m i n a t e  i n  t h e  phase e q u i l i b r i u m  r e l a t i o n s h i p s  
t h e  q u a n t i t i e s  r e f e r r i n g  t o  on: o f  t h e  two e x i s t i n g  phases, e.g. t h e  
q u a n t i t i e s  r e f e r r i n g  t o  phase ,  On d o i n g  s0 , the  phase e q u i l i b r i u m  r e l a t i o n -  
s h i p s  read 

When a p p l y i n g t h e s e  r e l a t i o n s , o n e  h a s  t o  k e e p  i n  m i n d  t h a t ,  i n  t h e  geneza l  case, 
TB( r )  depends on W " (  r )  v i a  t h e  segmentmolar a c t i v i t y  c o e f f i c i e n t s  pA and 

p B ( r ) .  The e q u a t i o n s  f o r  these q u a n t i t i e s  may be o b t a i n e d  from the  r e l a -  
t i o n  f o r  t h e  excess segmentmolar Gibbs energy EE. I n  t h e  g e n e r a l  case,  t he  
excess segmentmolar Gibbs energy depends on T ,  j and on t h e  d i s t r i b u t i o n  
f u n c t i o n  W(r)  ( c o n s i d e r i n g  t h e  p ressu re  t o  be c o n s t a n t ) .  But  i n  many r e l a -  
t i o n s  used i n  p r a c t i c e  t h e  dependence on W(r)  i s  n e g l e c t e d  as an a p p r o x i -  
mat ion.  Then a l s o  t h e  s-egmentmolar a c t i v i t y  c o e f f i c i e n t s  do n o t  depend on 
W(r)  and, f u r the rmore ,3 ;B  does n o t  depend on t h e  i d e n t i f i c a t i o n  v a r i a b l e  r 

Then qB a l s o  d o e s  n o t  depend on r and depends on W " ( r )  o n l y  by means 
o f  ; ' I .  B u t ,  a s  shown above, t h i s  q u a n t i t y  i s  a f u n c t i o n a l  o f  W " ( r ) ,  i.e. 
a s c a l a r .  C o n s i d e r i n g  t h i s  s c a l a r  es an a d d i t i o n a l  unknown o f  t h e  problem, 
t h e  second e q u a t i o n  p r o v i d e s  a d i r e c t  and e x p l i c i t  r e l a t i o n  t o  c a l c u l a t e  
W"(r) f rom t h e  feed d i s t r i b u t i o n  WF(r). 

O f  c o u r s e ,  t h i s  r e l a t i o n  c o n t a i n s  t h e  unknowns o f  t h e  p rob lem,+  , r and 
4, ( o r  T ) ;  b u t  these q u a n t i t i e s  a r e  s i m p l y  unknown s c a l a r s  and no t  unknown 
f u n c t i o n s .  Hence, i t  p roves  p o s s i b l e  t o  separa te  i n  t h i s  way t h e  problem 
o f  t h e  unknown d i s t r i b u t i o n  f u n c t i o n s  f rom t h e  problem o f  t h e  s c a l a r  
unknowns and t o  s o l v e  t h e  f u n c t i o n  problem e x a c t l y .  A s i m p l e  example f o r  
t h i s  p o s s i b i l i t y  i s  p r o v i d e d  by Huggins'.f -parameter concept ( r A  = 1) 

- 

If - 11 
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The dependence o f  t h e  excess segmentmolar Gibbs energy E E  on t h e  d i s t r i b u -  
t i o n  f u n c t i o n  i s  o f t e n  impor tan t ,and  then t h i s  dependence may n o t  be 
neglected.  T h e r e f o r e ,  t he  q u e s t i o n  i s  how t o  proceed i n  t h i s  case. The 
i n s p e c t i o n  o f  t h e  co r respond ing  r e l a t i o n s  shows t h a t  t h i s  dependence 
u s u a l l y  i s  p r o v i d e d  by t h e  occurrence o f  f u r t h e r  f u n c t i o n a l s  (e.g. moments) 
o f  t he  d i s t r i b u t i o n  f u n c t i o n .  T h i s  means t h a t  a l s o  i n  t h i s  case t h e  separa- 
t i o n  i s  p o s s i b l e  and t h a t  t h e  exac t  s o l u t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  
problem i s  a g a i n  p r o v i d e d  by Eqs. (37), (38) .  The o n l y  d i f f e r e n c e  i s  t h a t ,  
i n  a d d i t i o n  t o  y " ,  7 ' '  and Q ( o r  T ) ,  t h e  ment ioned f u n c t i o n a l s  occu r  a s  
f u r t h e r  unknown s c a l a r s  o f  t h e  p r o b l e m .  I n  t h e  f o l l o w i n g ,  f o r  t h e  s a k e  s i m p l i c i t y ,  
such a d d i t i o n a l  unknowns a r e  assumed n o t  t o  o c c u r  . However, t h e  g e n e r e i i -  
z a t i o n  t o  more g e n e r a l  cases i s  s t r a i g h t  forward.  

To g e n e r a l i z e  t h e  t rea tmen t  f o r  a s e r i e s  o f  success i ve  phase e q u i l i b r i a ,  
i . e .  f o r  po lymer f r a c t i o n a t i o n  ( r e f s .  9 -16 ) ,  t h e  i n t r o d u c t i o n  o f  t he  p r e c i -  
p i t a t i o n  r a t e  K i s  conven ien t .  I n  t h e  c o n t i n u o u s  case K i s  a c o n t i n u o u s  
f u n c t i o n  o f  r d e f i n e d  as t h e  q u o t i e n t  o f  t he  amounts o f  segments o f  a l l  
polymer spec ies  w i t h  segment numbers between r and r + d r  i n  phase I /  and 
i n  t h e  feed phase F ,  r e s p e c t i v e l y :  

Combinat ion w i t h  Eq. (38) l e a d s  t o  

K ( r )  = (0 

9 +  (1 - 9 )  exp [ -  r P e ( r ) l  
' 

The i n t r o d u c t i o n  o f  t h e  p r e c i p i t a t i o n  r a t e  K ( r )  p e r m i t s  t o  w r i t e  t h e  r e l a -  
t i o n s  between the  d i s t r i b u t i o n  f u n c t i o n s  W ' ( r )  and W1'(r) i n  t h e  c o e x i s t i n g  
phases and the  d i s t r i b u t i o n  f u n c t i o n  W ( r )  o f  t h e  feed polymer i n  a sim- 
p l e  form 

F 

As d i scussed  above,these r e l a t i o n s  p r o v i d e  d i r e c t l y  t h e  unknown d i s t r i b u -  
t i o n  f u n c t i o n s  W ' ( r )  and W" ( r ) .  The s c a l a r  unknowns o f  t h e  problem a r e  W I f ,  

; "and @ ( o r  T ) .  They may be c a l c u l a t e d  from t h e  r e l a t i o n s  
F 

r ( 4 5 )  1 - v =  1 '  
If 1 - q J  

+ +  (1 - ( P I  

yI1= y F  
9 

L I l - Y . + f I  
- 1 1  - r  

The f i r s t  r e l a t i o n  r e s u l t s  
'A r 

WF(r)  d r  , 

y F  WF(r) d r  * 
CP 

from t h e  ohase e o u i l i b r i u m  c o n d i t i o n  f o r  t h e  

( 4 6 )  

( 4 7 )  

s o l v e n t  A. The second e q u a t i o n  r e s u l ' t s  f rom ' t h e  phase e q u i l i b r i u m  cond i -  
t i o n  f o r  t h e  polymer,  Eq. ( 4 4 ) ,  by i n t e g r a t i o n .  And t h e  l a s t  e q u a t i o n  
r e s u l t s  f rom t h e  d e f i n i t i o n  o f  F, Eq, (35), as a p p l i e d  t o  phase ' I  . 
As examples t h e  two b a s i c  f r a c t i o n a t i o n  procedures,  t h e  success ive p r e c i p i -  
t a t i o n  f r a c t i o n a t i o n  (SPF) and t h e  success i ve  s o l u t i o n  f r a c t i o n a t i o n  (SSF) 
w i l l  be cons ide red  ( F i g .  1 ) .  I n  b o t h  cases a homogeneous polymer s o l u t i o n  
c a l l e d  feed  phase F s p l i t s  by l o w e r i n g  t h e  temperature :?to two C o e x i s t i n g  
phases, a po lymer- lean phase '  and a p o l y m e r - r i c h  phase which a r e  sepa- 
ra ted .  I n  SPF t h e  polymer i s  i s o l a t e d  from phase l(  as f r a c t i o n  l. Phase 
forms d i r e c t l y  t h e  feed phase f o r  t h e  n e x t  f r a c t i o n a t i o n  s t e p  e tc .  

I n  t h e  case o f  SSF t h e  polymer f r a c t i o n  1 i s  o b t a i n e d  from phase '  . Phase" 
i s  d i l u t e d  by add ing  s o l v e n t  up t o  t h e  volume o f  t h e  o r i g i n a l  feed phase 
co r respond ing ,  t o  a v e r y  good approx ima t ion ,  t o  t h e  same t o t a l  amount o f  
segments. T h i s  phase i s  used as feed phase f o r  s t e p  2 e t c .  

I n  t h e  l a s t  f r a c t i o n a t i o n  s t e p  t h e  polymer o f  phase I i n  t h e  case o f  SPF, 
and o f  phase " i n  t h e  case o f  SSF forms t h e  f i n a l  f r a c t i o n .  A l l  c o e x i s t i n g  
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p a i r s  o f  phases ’ and I‘ a r e  presumed t o  be i n  e q u i l i b r i u m .  Hence, i t  i s  
p o s s i b l e  t o  a p p l y  the  e q u a t i o n s  d i scussed  above. To i n d i c a t e  t h e  d i f f e r e n t  
s e p a r a t i o n  s t e p s  1,2, .  .. t h e  co r respond ing  number, i n  g e n e r a l  i o r  j ,  is  
added a s  s u b s c r i p t .  

a)  

b) 

I 
I F i  

step 

I 

solvent % 

2 

step 1 

step 2 1 
F ig .  1. F r a c t i o n a t i o n  schemes: a )  success ive p r e c i p i t a t i o n  f r a c -  

t i o n a  t i o n ,  b )  success i ve  s o l u t i o n  f r a c t i o n a t i o n .  r i k z l o r i g i n a l  
feed o r  phases w i t h  e q u a l  volume, po lymer- lean phase ( 1  ) ,  
EDl p o l y m e r - r i c h  phase ( I / ) .  

I n  SpF phase from s t e p  i i s  used d i r e c t l y  a s  feed phase f o r  s t e p  ( i + 1). 
Hence, the  f o l l o w i n g  r e l a t i o n s  a r e  v a l i d :  

= v ;  F 
lfJ i+l 

w ; + p  - w;(r) 

’ I  = r .  -F 
ri+l 1 

On adding t h e  s u b s c r i p t  i Eqs. (43)  I ( 4 4 )  read 

Hence, success ive s u b s t i t u t i o n  a c c o r d i n g  t o  t h e  f r a c t i o n a t i o n  scheme 
r e s u l t s  i n  

T h i s  e q u a t i o n  enables t h e  d i r e c t  and e x p l i c i t  c a l c u l a t i o n  o f  t h e  d i s t r i b u -  
t i on  o f  the polymer f r a c t i o n  i, Wy(r), t o  be made from t h e  d i s t r i b u t i o n  f u n c t i o n  
W1( r )  o f  t h e  o r i g i n a l  polymer. The s t r u c t u r e  o f  t h i s  r e l a t i o n  corresponds 

t o  t h e  f r a c t i o n a t i o n  scheme a p p l i e d .  I n  s t e p s  j = l,...,i-l t h e  polymer-  
l e a n  phase ‘ i s  taken co r respond ing  t o  the  occurrence o f  t h e  f a c t o r  
(1 - K j ( r ) ) / ( l  - C p j )  f o r  j = l,...,i-1. I n  s t e p  i t h e  p o l y m e r - r i c h  phase”  
i s  taken co r respond ing  t o  t h e  f a c t o r  Ki( r)/+i. 

To pe r fo rm the  c a l c u l a t i o n  t h e  c o m p o s i t i o n  o f  t h e  o r i g i n a l  po lymer s o l u -  

F 
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F F t i o n ,  i.e. w 1  and Wl(r), must be g iven.  Fur thermore,  t h e  e q u a t i o n  c o n t a i n s  

t h e  unknowns W . ,  t!‘ and + .  ( o r  T . )  f o r  a l l  s t e p s  j 5 1 ,... ,i. These 

q u a n t i t i e s  a r e  t o  be c a l c u l a t e d  s u c c e s s i v e l y ,  i .e .  a t  f i r s t  f o r  j = 1, then  
f o r  j = 2 etc. ,  f rom t h e  s e t  o f  t h r e e  r e l a t i o n s ,  Eqs. (45 )  - ( 4 8 ) ,  where 
t h e  feed d i s t r i b u t i o n  o f  each s t e p  may be expressed by t h e  feed d i s t r i b u -  
t i o n  o f  t h e  f i r s t  s t e p ,  Wl(r), on t h e  b a s i s  o f  t h e  above equat ions.  

Acco rd ing  t o  t h e  remarks made above, i n  SSF t h e  t o t a l  number o f  segments 
i s  t h e  same i n  a l l  feed phases t o  a v e r y  good approx imat ion.  T h i s  l e a d s  t o  
the  r e l a t i o n  

J J  J J 

F 

( 5 4 )  
F F  I /  l l  

‘1’ i+1 Wi+l ( ‘ )  = 6, Y i  W,(r) 

On c o m b i n i n g t h i s  r e l a t i o n s w i t h  t h e  LLE equa t ions  f o r  t h e  d i s t r i b u t i o n  func- 
t i o n s  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  i - t h  po lymer f r a c t i o n  W;(r) i s  g i v e n  
i n  d i r e c t  and e x p l i c i t  form by t h e  r e l a t i o n  

A g a i n r t h i s  r e l a t i o n  corresponds t o  t h e  f r a c t i o n a t i o n  scheme. I n  s t e p s  
j = 1,. . . ,i-1 the  p o l y m e r - r i c h  phase I ’  i s  taken co r respond ing  t o  t h e  
occurrence o f  t h e  f a c t o r  K . ( r )  f o r  j = l,...,i-1. The denominator 4 i s  

absent due t o  t h e  occurrence o f  + i n  the  r e l a t i o n  r e s u l t i n g  f rom t h e  
f r a c t i o n a t i o n  scheme. I n  s t e p  i t h e  po lymer - l ean  phase i s  t aken  c o r r e s -  
ponding t o  t h e  f a c t o r  ( 1  - K i ( r ) ) / ( l  - +i). The unknown q u a n t i t i e s  a r e  p”. 
r .  and ; T j  ( o r  T . )  f o r  j = 1,. .. ,i. They can be c a l c u l a t e d  s u c c e s s i v e l y  

w i t h  t h e  h e l p  o f  Eqs. ( 4 5 )  - ( 4 7 ) ,  where a g a i n  the  feed d i s t r i b u t i o n  o f  
each s t e p  may be expressed by t h e  feed d i s t r i b u t i o n  o f  t h e  f i r s t  s tep.  
A g a i n r t h e s e  r e l a t i o n s  a r e  t o  be s o l v e d  n u m e r i c a l l y  f o r  each s tep.  

I t  can be seen from t h e  t rea tmen t  t h a t  a v e r y  i m p o r t a n t  advantage o f  con- 
t i n u o u s  thermodynamics i n  c o n s i d e r i n g  polymer f r a c t i o n a t i o n  c o n s i s t s  i n  
p r o v i d i n g  exac t  and e x p l i c i t  f o rmu las  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n s  o f  a l l  
f r a c t i o n s .  On ly  a r e l a t i v e l y  s m a l l  number o f  equa t ions  i s  t o  be s o l v e d  
n u m e r i c a l l y .  The t r a d i t i o n a l  pseudocomponent method l e a d s  o n l y  t o  t h e  seg- 
ment f r a c t i o n s  o f  t h e  a r b i t r a r i l y  chosen pseudocomponents. 

J 

J ‘  
- 1 1  

J ’  J 
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